Abstract: A multi-steered general n-trailer is considered in this work. A global pathtracking control strategy for the n-trailer is proposed. Three nonlinear control laws are used to solve the problem by means of a commutation scheme. This commutation scheme allows to avoid the singularities inherent to a feedback linearization scheme. Simulation results show that the proposed scheme has good performance. Copyright c°2002 IFAC
INTRODUCTION.
The development of path tracking controls for trailer-like systems has been widely studied in the literature, see for instance, (Altafini and Gutman, 1998; Bushnell et al., 1993; Lamiraux et al., 1999; Nakamura et al., 2000; Rouchon et al., 1993) . In (Rouchon et al., 1993 ) the problem of path tracking is addressed and solved for a general 1-trailer using the notion of differential flatness. In (Bushnell et al., 1993) a standard 1-trailer with actuated trailer direction is considered and controlled in open loop using sinusoids. In (Altafini and Gutman, 1998) a n-trailer with offaxle hitching is considered and the problem of path-tracking is addressed and solved using an approximate model. In (Lamiraux et al., 1999) a standard and general 1-trailer systems are controlled in forward direction. The displacement in backward direction is solved by considering a virtual robot model where the trailer is treated as the tractor. In (Nakamura et al., 2000) a stan-1 Partially supported by CONACyT-MEXICO under grant No.34850-A. 2 Supported by CONACyT-MEXICO dard n-trailer system with steered direction on the trailers is considered and a control that achives path-tracking is proposed. This paper addresses the global path-tracking problem for a multi-steered general n-trailer system. This system is a generalization of the standard and general n-trailer previously considered in the literature. The main difference with respect to these systems is that all the trailers are provided with steering wheels. The multi-steered general ntrailer is known to be fully linearizable by dynamic state feedback (Orosco-Guerrero et al., 2002) . The main obstacle to apply the linearizing feedback is that it is undefined on certain submanifolds of the state space. A control scheme that overcomes this difficulty will be obtained. The proposed control scheme avoids the singularities introduced by the linearizing scheme by the commutation between three different control laws. Each control law is related to different output functions.
posed. In section 4, the particular case of 1-trailer is addressed. In Section 5, simulation results of the control strategy applied to this particular case are presented. Finally, some conclusions are presented in section 6.
KINEMATIC MODEL OF
The object of study in this paper is the multisteered n-trailer depicted in figure 1. This system consist in a mobile robot acting as a tractor and n trailers equipped with actuated direction wheels. The kinematic model of the multi-steered general n-trailer system can be obtained using the rigid body motion equation. The kinematic model of this system can be written as a nonholonomic system of the form (Orosco-Guerrero et al., 2002)
where
The state variables x 1 and x 2 represent the position of the tractor with respect to fixed reference axes. The components of the vector θ represent the orientation of the tractor and the trailers with respect to the horizontal axis, as shown in figure  1 . The components of the vector β represent the direction of the actuated wheels of the trailers with respect to their longitudinal axes. In this section the path-tracking problem is addressed. The control goal is that the trailer asymptotically tracks a desired path. This problem is solved using a modification of the control law proposed in (Orosco-Guerrero et al., 2002) . From (Orosco-Guerrero et al., 2002) it is known that the system is fully linearizable by dynamic state feedback. The explicit design of the linearizing feedback is as follows. First consider the output function is,ȳ
The decoupling matrix associated to this output function is:
Clearly, D (x) is noninvertible. Therefore, the noninteracting control problem has to be solved by dynamic state feedback. With this purpose, the following dynamic extension is proposed,
where w = (w 1 , ..., w n+2 ) T is the new input vector for the extended system. This dynamic extension is different from the one produced by the well known dynamic extension algorithm (Isidori, 1995) . The dynamic extension (3) produces a simpler singular manifold that the one obtained by the application of the classical algorithm.
Taking successive time-derivatives of the output function (2) along the trajectories of the extended system (1)-(3) produces,
From equation (4) the standard noninteracting control is given by
where the function v is given by
r 1 = r 2 = 3, r i = 2, i = 3, . . . , n + 2, and k ij are positive design parameters.
In the above equations as well as in the rest of the paper, the subscript d is used to denote the prescribed trajectories that the system should track asymptotically.
Define the tracking errors e i = y i − y id , i = 1, . . . , n + 2. The control law (3)-(5) produces in close loop the following error dynamics,
For the sake of conciceness, in the rest of the paper the control law (3)-(5) will be denoted byū (x, ξ).
Note that under, the dynamic state feedback u (x, ξ), the dimension of the zero dynamics of the extended system is zero.
Note also that, the dynamic state feedbackū (x, ξ) is not defined when the state belongs to the following singular manifold:
In the rest of this section a commutation scheme that copes with this issue will be developed. First, two additional control laws associated to different output functions will be defined. Next, a commutation policy will be proposed. This commutation policy warranties that the control law applied to the system is globally defined.
Consider system (1) and the output functioñ
It is easy to see, that locally, system (1)-(6) has a well defined vector relative degree, since the decoupling matrix,
s nonsingular whenever cos θ 0 6 = 0. Consider the static state feedback
Definingẽ =ỹ −ỹ d , it is possible to see that in closed loop,ė
Remark 3.1. The nonlinear static state feedback (7) has the following characteristics:
(1) It is not defined on the manifold
where m = 0, 1, 2, . . . . (2) The dimension of the zero dynamics under this control law is n + 1.
Consider now the output function
together with system (1). Again, the vector relative degree is well defined. The time derivative of the output function (8) produceṡ
where the decoupling matrix
s nonsingular whenever sin θ 0 6 = 0. Therefore, the static state feedback
produces in close looṗ e + k 0ê = 0,
Remark 3.2. The nonlinear static state feedback (10) has the following characteristics:
Global control scheme.
As mentioned previously, the control lawsū (x, ξ), u (x), u (x) possess different singularities. In order to obtain a globally defined control law, the following commutation scheme is proposed
and ε is a positive free parameter corresponding to the switching threshold.
The commutation scheme operates under the following principle: the controlū (x, ξ) fully linearizes the extended system and allows asymptotic tracking of the desired trajectory. Therefore, it is desired thatū (x, ξ) operate most of the time. This control law is disabled only when the state (x, ξ) enters in a neighborhood of the singular manifoldS. This occurs when (x, ξ) / ∈M . One of the other two control laws are enable when the controlū (x, ξ) is disabled. The goal of the commutation scheme is to ensure that the enable control law is far from its corresponding singular manifold. Therefore, the control lawũ (x) is enabled when (x, ξ) ∈M and is easy to see that S / ∈M , this ensure thatũ (x) does not reach its singular manifold. A similar reasoning applies forû (x). Finally, the subsetsM ,M andM are mutually exclusive. This ensures that only one of the three control laws is enabled.
A PARTICULAR CASE: 1-TRAILER
MODEL.
In order to illustrate the metodology presented in previous sections, the particular case of the 1-trailer model is worked out in this section.
From (1) considering n = 1 the 1-trailer model is obtained as, 
From equations (3)-(5) the dynamic state feedbackū (x, ξ) for this particular case is given bȳ
From equation (7), the static state feedbackũ for this particular case is
and from equation (10), the static state feedback u for this particular case iŝ
The function Γ (x, ξ) that define the singular manifoldS is given by,
SIMULATION RESULTS.
The results presented in this section were obtained using MatLab's SIMULINK. These results were obtained using the following numerical parameters:
The simulations were performed assuming the following initial condition errors:
e 1 (0) = −0.2, e 2 (0) = 0.5, e 3 (0) = 0.1, e 1 (0) = 0,ė 2 (0) = 0,ė 3 (0) = 0, e 1 (0) = 0,ë 2 (0) = 0.
Figures 2 and 3 display both the actual and prescribed trajectories. The prescribed trajectory crosses the singularities associated to each control law. The design of the desired trajectories y 1d = x 1d andȳ 2d = x 2d are obvious from figures 2 and 3. The designed trajectoryȳ 3d = θ 1d is a bit more involved. In order to design θ 1d , it was assumed that the trailer follows the same trajectory that the tractor. This is, θ 1d follows the same trajectory than θ 0d , but with a time delay in forward motion or time advance in backward motion. Therefore, the desired variable θ 1d is calculated as θ 1d (t) = θ 0d (t − τ ) in forward motion and θ 1d (t) = θ 0d (t + τ ) in backward motion. For this particular trajectory τ = 4.04. The variable θ 0d is obtained as follows: supose that pathtracking is being achieved. Thenẋ 1d = u 1 cos θ 0d andẋ 2d = u 1 sin θ 0d . Eliminating u 1 from these expresions, one obtains θ 0d = arctanẋ 
CONCLUSIONS.
A global path-tracking control scheme for a multisteered general n-trailer was presented. This control law employ three different nonlinear feedback controls. A commutation scheme between this feedbacks allows to avoid the singularities inherent to each control. Simulation results show that the proposed scheme exhibits an aceptable performance.
